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A combined method of the time-dependent density functional theory (TDDFT) and sum-overstate (SOS)
formula was implemented to model multiphoton absorption spectra, including two-photon absorption (2PA)
and three-photon absorption (3PA), of Sc2C2@C68 and Sc3N@C68 endohedral metallofullerenes (EMFs). This
method has been proved to be effective by comparisons between the calculated and experimental results of
trans-4,4′-bis[diphenylamino]stilbene. It was found that the multiphoton absorption cross sections were larger
for Sc2C2@C68 than that of Sc3N@C68. The electronic origin of multiphoton absorption has been identified
with respect to the molecular orbitals involved in charge transfer process. It shows that the increase of π-charges
on the cage of C68 results in a large multiphoton absorption cross section in EMFs.

1. Introduction

Since the late 1980s, multiphoton absorption has become a
focused topic1-4 in photophysics due to highly demanded
applications, such as three-dimensional (3D) optical data storage
and microfabrication,5,6 photodynamic therapy and bioimaging,7-11

optical power limiting,12,13 etc.14-16 In order to meet the
requirements of actual applications, scientists have made great
efforts to develop new materials with large two-photon absorp-
tion (2PA) and three-photon absorption (3PA) cross section.
At the same time, it has become a subject of interest to
understand the electronic origin of large 2PA and 3PA cross
sections in materials. Recently, endohedral fullerenes have
attracted more and more attention due to their unique structure-
related properties and their potential applications in electronics
and magnetism. The endohedral structure stabilizes the con-
struction of pure carbon fullerenes in which pentagons do not
obey the isolated-pentagon rule (IPR) that requires all pentagons
to be surrounded by five hexagons.17-19 Although endohedral
metallofullerenes (EMFs) have been widely studied in various
aspects, the nonlinear optical properties of EMFs having a non-
IPR cage have not been reported to date.

In this work, we have employed time-dependent density
functional theory (TDDFT) combined with the sum-overstate
(SOS) method to model the 2PA and 3PA cross sections of
Sc2C2@C68 and Sc3N@C68 EMFs. The rational designs of
molecules with multiphoton absorption properties were begun
in 1990s with the aid of rapid increases in computer power,
which allow us to undertake large-scale and accurate quantum
mechanical calculations. The quantum mechanical analysis of
multiphoton absorption demands highly correlated calculations
at high-level theory. The accurate dipole polarizabilities from
ab initio and DFT calculations have been evaluated by other
groups considering the effect of different basis sets and levels
of calculations.20,21 Therefore, we applied TDDFT with 6-311G**

basis sets for electronic structure calculations of Sc2C2@C68 and
Sc3N@C68 EMFs in the Gaussian 03 software package.22,23 On
the basis of the results from TDDFT calculations, 2PA and 3PA
cross sections were then evaluated with our self-developed SOS
code. By investigating the influences of cage charges on 2PA
and 3PA cross sections, we will further identify the electronic
origin of 2PA and 3PA for the studied EMFs. We expect that
our theoretical model used in the current study could provide
an economical way to search for innovated materials with large
2PA and 3PA cross sections.

2. Calculational Method and Procedures

The 2PA cross section δ can be related to the imaginary part
of the third-order polarizability γ(-ω;ω,ω,-ω) at degenerate
four-wave mixing process as24,25

δ(ω)) 8π2pω2

n2c2
L4 Im γ(-ω;ω, ω, -ω) (1)

where p is Planck’s constant divided by 2π, ω denotes the
frequency of the perturbating radiation field, n is the refractive
index, c is the speed of light in vacuum, and L is the local field
factor (equal to 1 for vacuum). The frequency-dependent
polarizability γ can be calculated by the SOS method as
follows26-30

γijkl(-ωpol;ω1, ω2, ω3))

(2π ⁄ h)3K(-ωpol;ω1, ω2, ω3)e
4∑ perm

×

[∑ m,n,p(*r)

〈r|µi|m 〉〈m|µj|n 〉〈n|µk|p 〉〈p|µl|r〉

(ωmr -ωpol - iΓmr)(ωnr -ω2 -ω3 - iΓnr) ×

(ωpr -ω3 - iΓpr)

-

∑ m,n(*r)

〈r|µi|m〉〈 m|µj|r 〉〈r|µk|n 〉〈n|µl|r〉

(ωmr -ωpol - iΓmr)(ωnr -ω3 - iΓnr) ×

(ωnr -ω2 - iΓnr)
] (2)

where ωpol ) ω1 + ω2 + ω3 is the polarization response
frequency, K(-ωpol;ω1,ω2,ω3) is a numeric coefficient to match
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different optical processes, 〈r|µi|m〉 is the electronic transition
moment between the reference state r and excited state m along
the ith Cartesian axis, 〈m|µj|n〉denotes the dipole difference
operator equal to 〈m|µj|n〉 - 〈r|µj|r〉δmn, ωmr is the transition
energy between excited state m and the reference state r, and
Γmr is damping associated with excited state m.

In a similar way concerning higher-order polarizations, the
3PA cross section σ can be derived from the imaginary part of
the fifth-order polarizability ε(-ω;ω,-ω,ω,-ω,ω). However,
the numerical calculation of this polarizability through the full
SOS approach is quite computational expensive.31 With resonant
condition considered, the 3PA cross section can be simplified
as32-34

σ(ω)) 4π2(pω)3

p3n3c5
L6∑ f

|Tgff
ijk |2{ Γ

(Egf - 3pω)2 +Γ2}
(3)

where Γ is a Lorentzian broadening factor (set to 0.1 eV in the
calculations), Tgff corresponds to the three photon transition
amplitude from the ground-state to a final three-photon state f,
with tensor ijk elements given by

Tgff
ijk )Pijk∑ m,n

〈g|µi|m〉〈m|µj|n〉〈n|µk|f〉
(Egm - pω- iΓ)(Egn - 2pω- iΓ)

(4)

The third-order transition moment has to be orientationally
averaged as suggested by McClain.35 For linearly and circularly
polarized lights, the three-photon probabilities are given by

σL
3PA ) 1

35
(3∑ ijk

TijkTijk + 2∑ ijk
TiijTkkj) (5)

and

σC
3PA ) 1

35
(5∑ ijk

TijkTijk - 2∑ ijk
TiijTkkj) (6)

Before we make the calculations of 2PA and 3PA cross
sections, the equilibrium geometrical structures of Sc2C2@C68

and Sc3N@C68 were first optimized using the B3LYP method36

at the 6-31G* level. Their state-state transition energies and
transition moments were computed based on the optimized
structures using TDDFT37,38 at the B3LYP/6-311G** level
and later used as the input for SOS calculations. It should be
noted here that the ground-state electric dipole moment
〈Ψg|µ|Ψg〉 and transition moments from the ground-state to
excited states 〈Ψg|µ|Ψm〉 can be directly obtained from the
outputs of the TDDFT calculations. The excitation moments of
〈Ψm|µ|Ψn〉 are computed from the off-diagonal electric dipole
matrix element (m * n, transition moment) and diagonal matrix
element (m ) n, dipole moment).

In our excited-state calculations, the core orbitals were frozen
and the ranges of molecular orbitals in the correlation calcula-
tions were chosen from 89 to 1352 for Sc2C2@C68 and 97 to
1380 for Sc3N@C68, respectively. The self-consistent field
convergence criterions were set by the default values from
Gaussian 03 program. The iterations were continued until the
changes of the state energies were no more than 10-7 a.u. during
the excited-state calculations. This resulted in the convergence
of the first 50 excited states.

Due to the absence of experimental multiphoton absorption
spectra of Sc2C2@C68 and Sc3N@C68 EMFs, we calculate the
2PA and 3PA cross sections of trans-4,4′-bis[diphenylamino]s-
tilbene (BDPAS) by the same method and compare the obtained
results with the experimental data of BDPAS to test our method.
Figure S1 in Supporting Information gives the plot of the
wavelength-dependent 2PA cross section and shows that the
2PA cross section δ at input wavelength of 698 nm (peak
position) is about 394 GM (1 GM ) 10-50 cm4 s). By comparing
our calculated δ value with the measured ones of 190 and 320
GM using a two-photon-induced fluorescence method at laser
wavelengths of 690 and 670 nm,39,40 we verify that our
calculated value is reasonable. Wavelength-dependent 3PA cross
sections were also calculated and plotted in Figure S2 in
Supporting Information. The calculated σ value from average
linear polarization is about 1.09 × 10-80 cm6 s2, corresponding
to the peak position at input wavelength of 1010 nm (1.23 eV).
The measured 3PA cross section σ value is 0.50 × 10-80 cm6

s2 at a wavelength of 1175 nm (1.06 eV),41,42 and the calculated
values reported by other authors range from 0.667 × 10-80 to
22.8 × 10-80 cm6 s2 when using different theoretical methods.33,43

The comparisons show that our calculated results are in good
agreement with those from experiments and other calculations,
and accordingly our calculation method is applicable for our
further study on Sc2C2@C68 and Sc3N@C68 EMFs.

3. Results and Discussion

3.1. Geometrical Structures. Figure 1 depicts the optimized
configurations of Sc2C2@C68 and Sc3N@C68 molecules. The
carbon cages of C68 do not obey IPR, and they are stabilized
by embedded molecule Sc2C2 or Sc3N.17,18 In the C2 symmetrical
Sc2C2@C68, there are two pairs of pentagon-pentagon fusion
sites in the C2V symmetrical C68 parent, and the embedded Sc2C2

exists in a ladder structure in which each Sc atom coordinates
with one pentagon-pentagon pair.17 The calculated average
Sc-C bond length (C on a pentagon-pentagon fusion site) is
2.358 Å. In the structures of Sc3N@C68 with D3 symmetrical
parent C68, the embedded Sc3N exists on a plane with each Sc
atom coordinating to three pairs of pentagon-pentagon fusion
sites,18 respectively. The calculated average Sc-C bond length
(C on a pentagon-pentagon fusion site) is 2.378 Å as compared
with the experimental value of 2.336 Å for Sc3N@C68.18 Table

Figure 1. Molecular configurations of (a) Sc2C2@C68 and (b) Sc3N@C68 and (c) labeling of carbon atoms on a pentagon-pentagon pair.
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1 lists some Sc-C bond lengths from theoretical calculations
together with the available experimental data. It can be found
that our calculated Sc-C bond lengths for Sc3N@C68 based on
B3LYP/6-31G* generally agree well with the experimental data
but also show some degrees of overestimation.

3.2. Two-Photon Absorption. Figure 2 shows the plots of
the average wavelength-dependent 2PA cross sections 〈δ(ω)〉
for Sc2C2@C68 and Sc3N@C68. The absorption peaks from
Sc2C2@C68 and Sc3N@C68, which correspond to the maxi-
mum of 〈δ(ω)〉, are located at wavelengths of about 967 and
876 nm, respectively. The absorption peak from Sc2C2@C68

is a red-shift as compared with that from Sc3N@C68. The
〈δ(ω)〉 value (198.72 GM) of the EMF encased with a Sc2C2

molecule is much larger than that (2.51 GM) of EMF encased
with a Sc3N molecule in cage C68. This interesting phenom-

enon can be understood from the second hyperpolarizabilities
which make significant contribution to 〈δ(ω)〉 at a given
wavelength. The calculations of hyperpolarizabilities by eq
2 require the input parameters of the corresponding dipole
and transitions moments which are listed in Tables S1 and
S2 in Supporting Information. As mentioned above, the δ(ω)
value only depends on the imaginary part of the second
hyperpolarizability, Im γ(-ω;ω,ω,-ω), at a specified input
frequency. Accordingly, the two-photon states contributing
to Im γ(-ω;ω,ω,-ω) determine the δ(ω) as well. Figure 3
gives the plots of average Im 〈γ(-ω;ω,ω,-ω)〉 value vs two-
photon states at the characteristic wavelength (resonant
wavelength). It can be found that only one two-photon
resonant state, S19 (19th state) of Sc2C2@C68 and S22 (22nd
state) of Sc3N@C68, makes a large contribution to Im
〈γ(-ω;ω,ω,-ω)〉. Analysis in terms of the configuration
interactions shows that S19 of Sc2C2@C68 is constructed by
the configuration of 0.4125(MO223fMO232) + 0.5267(MO227

f MO233). Further analysis reveals that the occupied mo-
lecular orbital MO223 is contributed from Sc2C2 by 41.6%
and MO227 is contributed from Sc2C2 by 1.76%. The
unoccupied molecular orbitals MO232 and MO233 have
contributions from Sc2C2 by 1.27% and 3.20%, respectively.
For the Sc3N@C68, S22 is constructed from the configuration
of 0.4598(MO237 f MO245) + 0.4598(MO238 f MO246), in
which the occupied molecular orbitals of both MO237 and
MO238 are contributed from Sc3N by 2% and C68 cage by
98%, while the unoccupied molecular orbitals of both MO245

and MO246 are contributions from Sc3N by 13% and C68 cage
by 87%. Figure 4 gives the plots of the molecular orbitals
involved in the charge transfer processes corresponding to
the configuration interaction described above. Parts a and b
of Figure 4 show the orbitals contributing the most to the
two-photon resonant state S19 of Sc2C2@C68, and parts c and
d of Figure 4 show those corresponding to S22 of Sc3N@C68.
It can be concluded that the charge transfers from the
embedded molecule Sc2C2 to the cage C68 make great
contribution to 〈δ(ω)〉 at the resonant wavelength of 967 nm
for the EMF Sc2C2@C68 and that the charge transfers from
the cage of C68 to the embedded molecule Sc3N make
substantial contributions to 2PA at the resonant wavelength
of 876 nm for Sc3N@C68. The different mechanisms of charge
transfers between the Sc2C2@C68 and Sc3N@C68 can be
illustrated by the electron populations. The charge of isolated
[Sc2C2] has -2.0e based on the calculation of atomic valence
state (Sc +3 and C -4). When it is considered in the EMF
Sc2C2@C68, it has +1.428e from the B3LYP/6-311G**

TABLE 1: The Calculated Bond Lengths (Å) and Bond
Angles (deg)

Sc3N@C68 Sc2C2@C68

exptla PBE/DZVPb B3LYP/6-31G* B3LYP/6-31G*

Sc-C1 2.23 2.31 2.32 2.26
Sc-C2 2.28 2.31 2.32 2.29
Sc-C3 2.31 2.39 2.36 2.31
Sc-C4 2.35 2.35 2.39 2.38
Sc-C5 2.40 2.44 2.44 2.44
Sc-C6 2.30 2.35 2.39 2.38
Sc-C7 2.39 2.39 2.36 2.38
Sc-C8 2.43 2.44 2.44 2.42
C7C2C1C4 134.4 131.5 131.7 131.8

a Reference 18. b Reference 44.

Figure 2. The wavelength-dependent two-photon absorption cross
sections of (a) Sc2C2@C68 and (b) Sc3N@C68.

Figure 3. State-dependent imaginary part of third-order polarizability
at given wavelength.
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calculation (see Tables S3 and S4 in Supporting Information).
This implies that the [Sc2C2] donates 3.428e to C68 after it is
embedded into the cage. Using the same analysis procedure,
we find that the charges of [Sc3N] have +6.0e in isolation
and +2.665e in the Sc3N@C68, respectively, and that the
charge transfers from the cage C68 to the Sc3N are 3.335e
within the Sc3N@C68. This result tells us that the increases
of π-charges on the cage of C68 will result in a larger 2PA
cross section in EMFs, which is indicated by Sc2C2@C68.

2PA is the process in which the energy gap between two
real states is bridged by the simultaneous absorption of two
photons. Neither photon has enough energy to complete the
transition alone. Accordingly, we can think of the first photon
as making a virtual transition to a nonexistent intermediate state
between the upper and lower levels. In other words, the 2PA
state can be constructed by one-electron promotion from ground
state to an intermediate state (one-photon state) by absorbing
one-photon energy, and then a second promotion from the
immediate state to two-photon state by absorbing one-photon
energy again. This implies that two-photon resonant transition
can be described by three-state model. The peak value of two-
photon resonant δ(ω) can be represented by δgft ∝(Mgo

2Mot
2)/

(Eo - Eg - pω)2Γ, where the subscripts g, o, and t refer to
ground state, one-photon, and two-photon states, respectively,
and pω ) (Et - Eg)/2. It shows that the δ(ω) value increases
with products of transition moment (M2

goM2
ot) and it increases

when the one-photon detuning term (Eo - Eg - pω) decreases.
Table 2 lists the states involved in 2PA processes and the
transition moments from ground-state to one-photon state and
from the one-photon state to two-photon states. It also contains
the corresponding transition energies and incident photon
energies. It can be found from Table 2 that Sc3N@C68 has
smaller transition-moment products and larger detuning terms
compared with Sc2C2@C68. This approach provides a direct view
of the reason why the 2PA cross section of Sc2C2@C68 is larger
than that of Sc3N@C68.

3.3. Three-Photon Absorption. Three-photon absorption
(3PA) is cubic-dependent on incident-light intensity, and it may
be superior to 2PA in the penetration depth of the excitation
volume. Accordingly, 3PA affords the possibility of using a
much longer excitation wavelength. Figure 5 shows the plots
of wavelength-dependent 3PA cross sections of Sc2C2@C68 and
Sc3N@C68. The peak value of 3PA cross section σ from the
circular light polarization is larger than that from linear light
polarization. Hereafter, we only consider the 3PA properties of
the average linear light-polarization. The peaks of 3PA cross
sections are located at the wavelengths of 1264 and 1110 nm
for Sc2C2@C68 and Sc3N@C68, respectively. The peak position
of Sc2C2@C68 is still red-shifted as compared with that of
Sc3N@C68. The largest 3PA cross section 〈σ〉 (114.4 × 10-80

cm6 s2) of Sc2C2@C68 at linear polarization is much larger than
that (5.95 × 10-80 cm6 s2) of Sc3N@C68. The phenomenon can

Figure 4. The molecular orbitals involved in the charge transfer
processes that make contribution to two-photon absorption cross
sections: (a) MO223(HOMO-8) in Sc2C2@C68; (b) MO232 (LUMO) in
Sc2C2@C68; (c) MO237 (HOMO-2) in Sc3N@C68; and (d) MO245

(LUMO+4) in Sc3N@C68.

TABLE 2: The Transition Moments and Energies between
the One-Photon States

fullerenes
statef
state

moment
(a.u.) (Mgo

2Mot
2)

energy
(eV)

pω
(eV)

detuning
energy (eV)

Sc2C2@C68 G f 4 1.1236 1.6846 1.2823 0.4053
4 f 19 1.6459 3.4200
G f 19 2.5587

Sc3N@C68 G f 2 0.1664 1.8972 1.4158 0.4814
2 f 22 0.8241 0.0188
G f 22 2.8316

Figure 5. The calculated wavelength-dependent 3PA cross section of
(a) Sc2C2@C68 and (b) Sc3N@C68.
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be understood from the state-dependent 3PA cross section at
the given wavelengths of 1264 and 1110 nm for Sc2C2@C68

and Sc3N@C68, respectively. Figure 6 gives the plots of 3PA
cross section 〈σ(ω)〉 and its largest component vs state numbers
at the characteristic wavelength. It shows that S33 of Sc2C2@C68

and S43 of Sc3N@C68 make the most contributions to 〈σ(ω)〉
values at the given wavelength, respectively. S33 of Sc2C2@C68

is mainly constructed by the configuration of 0.3946(MO226 f
MO233) + 0.3802(MO227 f MO234). The occupied molecular
orbitals of MO226 and MO227 consist of contributions from the
C68 cage by 97% and 98%, while the unoccupied molecular
orbitals of MO233 and MO234 both contain contributions from
the cage by about 97%. For the Sc3N@C68, S43 is mostly
constructed by the configuration of -0.3539(MO234 f
MO243)+0.3540(MO235 f MO242), in which the occupied
molecular orbitals of both MO234 and MO235 contain contribu-
tions from the C68 cage by 96%, while the unoccupied molecular
orbitals of both MO242 and MO243 contain contributions from
the cage by 91%. Therefore it can be found that the charge
transfers within the cage C68 make a great contribution to 〈σ(ω)〉
at the peak position of wavelength of 1264 nm for the EMF
Sc2C2@C68, while some charge transfers from the cage of C68

to the embedded cluster Sc3N make the substantial contributions
to 3PA at the wavelength of 1110 nm for the Sc3N@C68. This
result tells us that the decreases of π-charges on the cage will
result in a smaller 3PA cross section in EMFs.

4. Conclusions

Time-dependent density functional theory combined with
sum-overstate formula has been employed to model the two-

and three-photon absorptions of EMFs Sc2C2@C68 and
Sc3N@C68. The applicability of the calculation method has been
tested by comparing the calculated and experimental multiphoton
absorptions of trans-4, 4′-bis[diphenylamino]stilbene. The elec-
tronic origin of multiphoton absorptions (2PA and 3PA) has
been identified in view of the state-dependent multiphoton
absorption cross sections and the molecular orbitals involved
in the charge transfer processes. It is found that the increases
of π-charges on the cage of C68 will lead to a larger multiphoton
absorption cross section in EMFs. Analysis of the three-state
model shows that a large two-photon absorption cross section
of Sc2C2@C68 arises from large transition moments and small
transition energy as compared with those of Sc3N@C68. The
further analysis from molecular orbitals confirms that the charge
transfers from the embedded cluster Sc2C2 to the cage of C68

result in a large two-photon absorption for the Sc2C2@C68. On
the contrary, the charge transfers from the cage of C68 to the
embedded cluster Sc3N result in a small two-photon absorption
for the Sc3N@C68. The study on the 3PA cross sections of the
two species complements this conclusion.
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